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Abstract
ContinuedFractions(CFs)efficiently computedigit se-

rial rationalfunctionapproximations.Traditionally, CFsare
usedto computehomographicfunctionssuchas �������
	��
 ��	�� ,given continuedfractionsx, y, and integers ������������� . Re-
centimprovementsin theimplementationof CFalgorithms
openup their useto many digital filtering applicationsin
bothsoftwareandhardware.Theseimprovementsof CFal-
gorithmsincludeerror control, moreefficient numberrep-
resentationandtheassociatedefficient conversions.

Continuedfractionshave beenappliedto digital filters
in thefrequency domain.Thesetechniquesincludemethods
to computeoptimal coefficients for rational transferfunc-
tionsof digital filters andtherealizationof ladderformsfor
digital filtering.

We proposea time domain digital filtering technique
that incorporatescontinuedfraction arithmeticunits. For
theFIRfilter examplechosen,theproposedtechniqueachieves
a 45-50%reductionof themeansquareerrorof thetransfer
function.

1. Intr oduction

The purposeof this paperis to show the connectionsbe-
tweencontinuedfractions(CFs)and digital filters. In ad-
dition, recentimprovementsin the implementationof CF
algorithmsopenup their useto many digital filtering appli-
cationsin softwareandhardware.

1.1. Rational Approximationsand Continued Fractions

Signalprocessingandotherdata-intensive applicationsre-
quire fast approximationof specificelementaryand non-
elementaryfunctions. In general,functions are approxi-
matedeitherwith polynomialsor rationalfunctions(thera-
tio of two polynomials).More particularly, for many func-
tions rationalapproximationsconvergefasterthanpolyno-
mial approximations.

Rationalapproximationsoffer efficientevaluationof el-
ementaryfunctionsrepresentedby theratio of two polyno-
mials.�������! ��� �#" �%$ �#"#&(' �)�%$+*,*
* �-' �.�%$ �0/��� �21 �%$ �21 &(' �.�%$+*,*,* � ' �.�%$ � / � (1)

� " � " $ � "#&3' � "4&(' *
*,* � ' �%$ � /�01 � 1 $ �51 &(' � 1 &(' *
*,* � ' �%$ � /
[7] evaluatesrationalapproximationswith a latency of687�9 ��: �<; � multiply-add(MA) operationsanda final divi-

sion. If multiply anddivide operationsareregardedequal
(dependenton implementationtechnology)continuedfrac-
tionscanprovidemoreefficientstructuresfor theevaluation
of rational approximations.Every rational approximation
canbetransformed(seee.g. [1][4][10]) into a finite contin-
uedfraction: for �#=<�>�2=�?A@B "C " �+� / $ � '� ' $ �ED�2D�	�FGFGFIHKJL J �M� / $ � 'ONN �-' $ �2P NN � P $+*,*,*�$ � "�#"

Every finite continuedfractioncanbetransformed(see
e.g. [1][4][10]) into a simplecontinuedfraction form with
partialquotients��=��RQ . Theseriesnotation S � /UT � ' �,V,V
V�� "5W
denotessimplecontinuedfractions.

Theconnectionbetweenrationalapproximationsandsim-
ple CFsis expressedin thenext equivalence.

Equivalence1 (Wall[5]) Giventheratio of two polynomi-
als X.Y,Z �
[X�\2Z �
[ ,� / ���]�� ' ���]� � � /�/ � " $ � /2' � "#&3' $M*
*,*�$ � /�"�4'�' � "#&(' $ �-' P � "4& P $+*,*
*�$ �4'<"_^^ S ` ' �%$ba ' ��`
P �c$da P0� *,*
* �<` " �%$ba "5W
with all � =fe8g�Mh , and ` =ig�+h .

Equivalence1 shows the main advantageof continued
fractions.Thepowersof x in thepolynomialrepresentation
arereducedto lineartermsfor eachcontinuedfractiondigit.

SoftwarepackagessuchasMapleV[11] computemini-
maxcoefficients� =fe automaticallyusingRemez’s[14] method.
Many elementaryfunctionshavestraightforwardsimplecon-
tinuedfractionexpansions– therationalequivalentto Tay-
lor seriesexpansionaroundapoint

� / .
Althoughwe arestill missinga generaltheoryexplain-

ing the connectionbetweentranscendentalfunctions and
continuedfractions([4], seeIntroductionby PeterHenrici),
wecanalreadytakeadvantageof theknown,isolated“gems”
of continuedfractionexpansionssuchas:
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Figure1: Thefigure showsa ladder form for digital filter-
ing, takenfrom[6], with complex �,= .
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A finite continuedfraction with x partial quotientscan
alwaysbetransformedinto a ratio y(z{ z with:B =|� �#= B = &(' $ �2= B = & P (3)C =|� �#= C = &(' $ �2= C = & P (4)

where y zK} \{ zK} \ correspondsto thevalueof thesamecontinued
fraction without the xI~�� partial quotient. Initial conditions
are

B / ��� / , C / ��Q , B &3' ��Q , and
C &3' ��h . These

equationsshow thelink betweenratios
B�� C

andtheir con-
tinuedfractionexpansion.Theequationsserve asthebasis
for straightforwardconversionbetweencontinuedfractions
andrationalvalues.For a moredetailedintroductionto the
theoryof continuedfractionsseefor example[8][9] or stan-
dardintroductorytexts suchas[1][4][10].

1.2. CFs and Digital Filters in the FrequencyDomain

Continuedfractionscanbeappliedto severaltasksin digital
filtering:�

computingcoefficients[13] andpoles[6] of thetrans-
fer function�
proof/testof stability of ladderforms[6]�
realizationof ladderformsfor digital filtering[12]

On thetransferfunctionlevel, Remez’s[14] methoden-
ablesusto computeoptimal(minimax)coefficientsfor any
rational approximation– in our casethe rational transfer
functionof adigital filter. A descriptionof Remez’smethod
for digital filter designcanbefoundin [13].

Thepolesof thetransferfunctioncanbecomputedwith
theFG-algorithmasshown in [4]. [6] includesexamplesfor
finding polesof transferfunctionsin signal detectionand
speechanalysis.

Stability of ladder forms with (reflection)coefficientsN �
� N�� Q follows from the following continuedfraction[6]
derivedfrom thetransferfunctionof theladderform shown
in figure1:� ���#� �M�
' $ � Q�o N �
' N P �.� &('� ' � &3' $ '
 D 	�� \ }-� � D � D���� } \� D � } \.�-� � � � \� J � \

(5)
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Figure2: Thefigure showsthestatemachinefor the itera-
tion equations(IE) of theSEPA algorithm.

[12] goesfrom a rationalapproximationof the desired
transferfunction, to a continuedfraction approximationof
the transferfunction, suchas the form shown in Equiva-
lence1. Finally the papershows how to build variouslad-
der forms from the transferfunctionsin continuedfraction
form.

2. Continued Fraction Arithmetic and the
M-log-Fraction Transform (MFT)

Thissectionbriefly summarizesastate-of-the-artcontinued
fraction arithmeticalgorithm developedin [9]. The main
objective is to compute

������� � �2��	��
 ��	�� with S � / ��� ' ����P�V,V
V W ��%� S � /5� � '�� � P �
V,V
V W � where
� = ’s are the partial quotientsof

thesimpleinput CF, and � = � ����� = �����-�U�-� � arethepartial
quotientsof the outputCF. The positionalalgebraicalgo-
rithm introducedin [15] requiresonestateregister for each
coefficientof

�����]�
.�

to consumeaninputquotient
� =

apply ��� ����� �M� ��� = $ '� � .�
to produceanoutputquotient� =
apply ��� � ����� � '� Z ��[ &(� z .

Fromtransformations��� and ��� � we obtainthe follow-
ing iterationequations:�#  	¢¡ �¤£U <¥-  $§¦   ¨s  	©¡ �ª£U  (6)£U  	©¡ �+�# �¥-  $ ¨s «o_¬#  � £U �¥-  $d¦   � ¦   	©¡ �­�# ®o¯¬# ,£U 

Thestate-machineis shown in figure2. Drawing theit-
erationequationsin asignal-flow-graph(anunconventional
wayof lookingatarithmeticalgorithms)weobtainfigure3.
Thesignalflow graphresemblesa markov-chain,but more
interestinglyresemblestheladderform for stabledigital fil-
tersshown above.

Detailsonthederivationof iterationequationsfor higher
degreepolynomialsandfurther explanationscanbe found
in [8][9]. Forefficienthardwareimplementationof theabove
algorithmwe usethe M-log-FractionTransform(MFT) to
instantlyconvert betweendigits of binarynumbersandthe
digits of theM-log-Fraction:



d a b

z-1z-1 z-1

-1z

ix

c
x iz

-1

-o i

-o iz
-1

z-1

Figure3: Thestateregisters �°�>�����O��� are the statesof the
shownsignal-flow-graph.

� &(' is a delayoperator linking
consecutiveiterations.

Corollary 2 (from[9]) Signed-DigitBinaryM-log-Fraction:
A binary number

C²±
with ; digits, and

a =³?µ´ $ QU�
o³QO¶ is
equivalenttoa simplecontinuedfractionwith ; partial quo-
tientsasfollows:·¹¸Aºd»�¼<½�¾ ¼]¿ »�À>½�¾ À�¿ »2Á�½�¾ Á©¿ »2Â�½�¾ Â©¿_Ã>Ã�Ã�¿ »�Ä0½O¾ ÄÆÅÇ ÈUÉ »�¼<½ ¼2Ê>Ë�Ì »�¼<½O¾ ¼
¿ »,À2½,Í�Î Ê2Ì »�À>½
Í ¿ »2Á2½ ¼ Î Ê>Ë�Ì »2Á2½O¾ ¼,¿ »2Â�½,Í�Î Ê>Ã>Ã>ÃÏ Ì » Ä ¾ ¼ ½ ¾4Ð J } \ ¿ » Ä ½ Ð J ÎÒÑ

Applying theM-log-Fractionto theinputandoutputCF
in the positionalalgebraicalgorithm yields rational arith-
meticunitsbasedon ’shift andadd’primitives.

3. CFs and Digital Filters in the Time Domain
Applying the MFT to Digital Filtering

Theprevioussectionproposesa digit-serialcontinuedfrac-
tion arithmeticunit computingthe bilinear transformation�����]� � �2��	��
 �
	©� . This arithmeticunit simplifiesto a multipli-
cation( �Ó���Ô��hs���§��Q ) asa specialcaseof a bilinear
transformation.Onecanusethis bilineararithmeticunit in
digital filteringapplications.Thenon-linear(bilinear)trans-
formationallows us to modelnon-linearitiesandprovides
more degreesof freedomfor adaptive filter applications.
Eachtapof a FIR filter containsa multiplier,

�����]� �ª� *
� .
We proposetheMFT filter replacingthelinear“tap” with a
bilineartransformation,

�����]� � �2��	��
 ��	�� .Digital filterscanbeconstructedwith thecontinuedfrac-
tion arithmeticunit as shown in Figure 5. This structure
simplifiesto afinite impulseresponse(FIR) filter when �2=����=��Õh and �5=²�ÖQ . Startingwith the optimal coefficients� = of theFIR filter the MFT coefficients( � = ��� = ��� = � and � = )
for theproposedfilter canbeadaptedto improveor alterthe
characteristicsof the filter. Note that the resultingfilter is
non-linear, but closelyrelatedto theinitial FIR filter.

We usethe meansquareerror (MSE) as the metric to
comparethefilter performance.Givenatargettransferfunc-
tion × ���#� (for low passfilter) and the actually achieved
transferfunction

� �Ò�5�
, the MSE canbe computedas fol-

lows: × ���#� �ÙØ Q � � �ª£�Ú4�-¬5Û#Ûh �8Ü £�Ú4�-¬5Û#Û (7)Ý¤Þ�ß �µà � N � �Ò�5� N o¯× ���#�<� P
# of frequencies

(8)
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Figure4: Thefigureshowsthemeansquareerror (MSE)for
optimizedFIR filters andMFT filters for a varyingnumber
of taps(x-axis).
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Figure5: Thefigure showsthe MFT filter. Each tap of an
FIR is replacedbya bilinear arithmeticunit.

It is possibleto improve the MSE of an FIR filter with
theproposedMFT filter. We demonstratea reductionof the
MSE by 45%to 50%over thatof thesameorderFIR filter
designedusing the Parks-McClellanoptimal designalgo-
rithm (seefor example[13]). Figure6 showsthemagnitude
responseof anoptimizedMFT filter andthatof thestandard
FIR filter.

Figure4 shows a comparisonof the MSE for the pro-
posedMFT filter andthe standardFIR filter. The MSE of
the áU~�� orderMFT filter is lessthanthatof the âO~�� orderFIR
filter.

4. Conclusions

Continuedfractionsmodel digital filters in the frequency
domain (rational transferfunctions). Continuedfractions
alsoenableefficient rationalarithmeticunits basedon the
MFT. Applying the basic �2�
	©�
 �
	�� unit to the time domainof
FIR filters leadsto MFT-basednon-linearfilters that are
closelyrelatedto their respectiveFIR relative. TheseMFT-
basedfilter enableus to model non-linearsystems,while
usingthelinearFIR filter asastartingpoint.

Surprisingly, even in our initial quite simplistic exper-
iment the MFT-basedfilters reducesthe meansquareer-
ror(MSE) of a low-passfilter by á r o r h#ã . In addition,
the MFT-basedfilter maintainsphaselinearity in the pass
bandwhile improving theMSE.

The generaltechniquepresentedin this papercan be



0 50 100 150 200 250
10

−3

10
−2

10
−1

10
0

10
1

MFT Filter (bilinear taps) |H(z)|

frequency
0 50 100 150 200 250

10
−3

10
−2

10
−1

10
0

10
1

FIR Filter |H(z)|

frequency

Figure6: Thefigureshowstheamplituderesponseof an8-topFIR filter andan 8-’tap’ MFT filter.

naturallyextendedto any linear filter. The next stepis to
find applicationdomainsthat canmake optimal useof the
non-linearitiesmodeledby theMFT-filter.
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[3] R.W. Gosper, R. Schroeppel,M. Beeler, HAKMEM,
ContinuedFractionArithmetic, MIT AI Memo 239,
Feb. 1972.

[4] W.B. Jones,W.J. Thron, ContinuedFractions: Ana-
lytic TheoryandApplications,Encyclopediaof Math-
ematicsandits Applications,Vol. 11,Addison-Wesley,
Reading,Mass.,1980.

[5] H.S. Wall, Analytic Theoryof ContinuedFractions,
ChelseaPublishingCompany, Bronx,N.Y., 1948.

[6] W.B. Jones,A. Steinhardt,Digital Filters andContin-
uedFractions, Lect. NotesIn Math, No. 932,p. 129,
Springer-Verlag,Berlin, 1982.

[7] I. Koren,O. Zinaty, EvaluatingElementaryFunctions
in a Numerical CoprocessorBasedon Rational Ap-
proximations,IEEETrans.onComputers,Vol. 39,No.
8, Aug. 1990.

[8] O. Mencer, M. Morf, M. J. Flynn, Precisionof Semi-
Exact RedundantContinuedFraction Arithmetic for
VLSI, SPIEAdvancedSignalProcessingAlgorithms,
Architectures,and ImplementationsIX, Denver, July
1999.

[9] O. Mencer, M. J.Flynn, M.Morf, TheM-log-Fraction
Transform(MFT) for ComputerArithmetic, Techni-
cal Report, CSL-TR-99-784,Stanford, Sept. 1999.
http://elib.stanford.edu/

[10] L. Lorentzen,H. Waadeland, ContinuedFractions
with Applications, Studiesin ComputationalMathe-
matics3, North-Holland,1982.

[11] WaterlooMapleInc., MapleV,
http://www.maplesoft.com/.

[12] S.K. Mitra, R.J.Sherwood, Canonicrealizationsof
digital filters using the continuedfraction expansion,
IEEE Trans.on Audio andElectroacoustics,Vol. AU-
20,No. 3, p. 185-197,Aug. 1972.

[13] C.BrittonRorabaugh,Digital Filter Designer’sHand-
bookwith C++ Algorithms,2nd Edition , McGraw-
Hill, 1997.

[14] E.Y. Remez, General ComputationalMethodsof
Chebyshev Approximation, Kiev, 1957.(seealsoL.A.
Lyusternik,ComputingElementaryFunctions,Perga-
monPress,1965.)

[15] J.E.Vuillemin, ExactRealComputerArithmeticwith
ContinuedFractions, IEEE Trans.on Computers,Vol.
39,No. 8, Aug. 1990.


