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Abstract

ContinuedFractions(CFs)efficiently computedigit se-
rial rationalfunctionapproximationsTraditionally, CFsare
usedto computehomographidunctionssuchasy = gﬁg
given continuedfractionsx, y, andintegersa, b, ¢,d. Re-
centimprovementsn theimplementatiorof CF algorithms
openup their useto mary digital filtering applicationsin
bothsoftwareandhardware. Theseimprovementof CFal-
gorithmsinclude error control, more efficient numberrep-
resentatiorandthe associate@fficient corversions.

Continuedfractionshave beenappliedto digital filters
in thefrequeny domain.Theseechniquesncludemethods
to computeoptimal coeficientsfor rational transferfunc-
tionsof digital filters andtherealizationof ladderformsfor
digital filtering.

We proposea time domain digital filtering technique
that incorporatescontinuedfraction arithmetic units. For
theFIR filter examplechosentheproposedechniqueachieves
a 45-50%reductionof the meansquaresrrorof the transfer
function.

1. Intr oduction

The purposeof this paperis to shav the connectionsbe-
tween continuedfractions(CFs)and digital filters. In ad-
dition, recentimprovementsin the implementationof CF
algorithmsopenup their useto mary digital filtering appli-
cationsin softwareandhardware.

1.1. Rational Approximationsand Continued Fractions

Signal processingand other data-intensie applicationsre-
quire fast approximationof specific elementaryand non-
elementaryfunctions. In general,functions are approxi-
matedeitherwith polynomialsor rationalfunctions(thera-
tio of two polynomials).More particularly, for mary func-
tions rational approximationsornverge fasterthan polyno-
mial approximations.

Rationalapproximation®ffer efficient evaluationof el-
ementaryfunctionsrepresentedy the ratio of two polyno-
mials.
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[7] evaluatesrationalapproximationswith a lateng of
max(m,n) multiply-add(MA) operationsanda final divi-
sion. If multiply anddivide operationsare regardedequal
(dependenbn implementatiortechnology)continuedfrac-
tionscanprovide moreefficientstructuredor theevaluation
of rational approximations. Every rational approximation
canbetransformedseee.g.[1][4][10]) into afinite contin-
uedfraction for a;,b; € R
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Every finite continuedfraction canbetransformedsee
e.g. [1][4][10]) into a simplecontinuedfraction form with
partialquotientsh; = 1. Theseriesnotation[ag; a1, . . . an]
denotesimplecontinuedfractions

Theconnectiorbetweerrationalapproximationsindsim-
ple CFsis expressedn thenext equivalence.

Equivalencel (Wall[5]) Giventheratio of two polynomi-
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with all a;; # 0, andr; # 0.

Equivalencel shavs the main advantageof continued
fractions.The powersof x in the polynomialrepresentation
arereducedo lineartermsfor eachcontinuedractiondigit.

Software packagesuchasMapleV[11] computemini-
maxcoeficientsa;; automaticallyusingRemezs[14 method.
Many elementaryunctionshave straightforvardsimplecon-
tinuedfraction expansions- the rationalequialentto Tay-
lor seriesexpansiomarounda pointzg.

Althoughwe arestill missinga generalttheoryexplain-
ing the connectionbetweentranscendentalunctions and
continuedfractions([4, seelntroductionby PeterHenrici),
we canalreadytake advantageof theknown, isolated'gems”
of continuedfractionexpansionsuchas:
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Figure1: Thefigure showsa ladder form for digital filter-
ing, takenfrom[6], with comple ¢;.
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A finite continuedfraction with ¢ partial quotientscan
alwaysbetransformednto aratio %:j with:

A = a; A1+ A 3)
B; = a;Bi_1+b;B;» (4)
where“‘?—1 correspondso thevalueof thesamecontinued

fractionWithout the 5t partial quotient. Initial conditions
areAyg = ap, B = 1, A_; = 1,andB_; = 0. These
equationshaw thelink betweerratios A/ B andtheir con-
tinuedfraction expansion.The equationsene asthe basis
for straightforvard corversionbetweerncontinuedfractions
andrationalvalues.For a moredetailedintroductionto the
theoryof continuedractionsseefor example[8][9] or stan-
dardintroductorytexts suchas[1][4][10].

1.2. CFsand Digital Filters in the FrequencyDomain

Continuedractionscanbeappliedto severaltasksin digital
filtering:

e computingcoeficients[13 andpoles[§ of thetrans-
fer function

o proof/testof stability of ladderforms[6]

¢ realizationof ladderformsfor digital filtering[12]

Onthetransferfunctionlevel, Remezs[14 methoden-
ablesusto computeoptimal (minimax) coeficientsfor ary
rational approximation— in our casethe rational transfer
functionof adigital filter. A descriptionof Remezs method
for digital filter designcanbefoundin [13].

Thepolesof thetransferfunctioncanbe computedvith
theFG-algorithmasshavnin [4]. [6] includesexampledor
finding polesof transferfunctionsin signal detectionand
speechanalysis.

Stability of ladderforms with (reflection) coeficients
|ek| < 1 follows from the following continuedfraction[6]
derivedfrom thetransferfunctionof theladderform shovn
in figure 1:
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Figure2: Thefigure showsthe statemadinefor theitera-
tion equationgIE) of the SERA algorithm.

[12] goesfrom a rationalapproximationof the desired
transferfunction, to a continuedfraction approximationof
the transferfunction, suchas the form shavn in Equiva-
lencel. Finally the papershowvs how to build variouslad-
derforms from the transferfunctionsin continuedfraction
form.

2. Continued Fraction Arithmetic and the
M-log-Fraction Transform (MFT)

This sectionbriefly summarizes state-of-the-artontinued
fraction arithmeticalgorithm developedin [9]. The main
objectiveis to computef (z) = 2248 with [og, 01,05...] =
f ([xo, 1,22, ...]) wherez;'s arethe partial quotientsof
the simpleinput CF, ando; = f(z;, state) arethe partial
quotientsof the output CFE The positionalalgebraicalgo-
rithm introducedn [15] requiresonestateregisterfor each
coeficientof f(x).

¢ to consumeaninputquotientz;
applyT’(z) = T(z; + ).

T
¢ to produceanoutputquotiento;
applyT" (z) = ﬁ

Fromtransformationg” andT"" we obtainthe follow-
ing iterationequations:

bit1=ci  (6)

dit1 = ai — 0iCj

ai+1 = CiXi +di

Cit1 = @;iX; + b; —o;i(cix; + d;)

The state-machiné shavn in figure 2. Drawing theit-
erationequationsn asignal-flov-graph(anuncorventional
way of looking atarithmeticalgorithms)we obtainfigure 3.
The signalflow graphresembles markov-chain,but more
interestinglyresemblesheladderform for stabledigital fil-
tersshovn above.

Detailsonthederivationof iterationequationgor higher
degreepolynomialsand further explanationscan be found
in [8][9]. For efficienthardwareimplementatiorof theabove
algorithmwe usethe M-log-FractionTransform(MFT) to
instantly corvert betweendigits of binary numbersandthe
digits of the M-log-Fraction:



Figure 3: Thestateregisters a, b, ¢, d are the statesof the
shownsignal-flow-gaph. z~! is a delay opemtor linking
consecutivéterations.

Corollary 2 (from[9]) Signed-DigiBinary M-log-Fraction:

A binary numberBg, with n digits, ands; € {+1,—1} is
equivalento a simplecontinuedractionwith n partial quo-
tientsasfollows:

Br=s512"" 452745323 + 5,27 4. +5,27" =

[0; 512", — (5127 " + $22°), (822° + 532"), — (5327 "+ 542°), ...
+(sp_127 M1 4 5,2Mm)]

Applying the M-log-Fractionto theinputandoutputCF

in the positionalalgebraicalgorithm yields rational arith-
meticunitsbasedn’shift andadd’ primitives.

3. CFsand Digital Filters in the Time Domain
Applying the MFT to Digital Filtering

The previoussectionproposes digit-serialcontinuedfrac-
tion arithmeticunit computingthe bilinear transformation
flz) = %3:3. This arithmeticunit simplifiesto a multipli-
cation(b = ¢ = 0,d = 1) asa specialcaseof a bilinear
transformation.Onecanusethis bilinear arithmeticunit in
digital filtering applications Thenon-linear(bilinear)trans-
formationallows us to modelnon-linearitiesand provides
more degreesof freedomfor adaptve filter applications.
Eachtapof aFIR filter containsamultiplier, f(z) = a - 2.
We proposehe MFT filter replacingthelinear“tap” with a
bilineartransformationf(z) = %’;.

Digital filters canbeconstructeavith thecontinuedrac-
tion arithmeticunit as shavn in Figure 5. This structure
simplifiesto afinite impulserespons€FIR) filter whenb; =
¢; = 0 andd; = 1. Startingwith the optimal coeficients
a; of the FIR filter the MFT coeficients(a;, b;, ¢;, andd;)
for the proposedilter canbeadaptedo improve or alterthe
characteristic®f the filter. Note that the resultingfilter is
non-linear but closelyrelatedto theinitial FIR filter.

We usethe meansquareerror (MSE) asthe metric to
compardhefilter performanceGivenatargettransferfunc-
tion F(z) (for low passfilter) and the actually achieved
transferfunction H(z), the MSE canbe computedas fol-
lows: 1 2z <= cutoff

F(z) = 0 2z > cutoff (7)
_ (IH(2)| = F(2))?
MSE = Z # of frequencies ®
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Figure4: Thefigure showsghemeansquae error (MSE)for
optimizedFIR filters and MFT filters for a varyingnumber
of taps(x-axis).
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Figure5: Thefigure showsthe MFT filter. Each tap of an
FIR is replacedby a bilinear arithmeticunit.

It is possibleto improve the MSE of an FIR filter with
theproposedVFT filter. We demonstrata reductionof the
MSE by 45%to 50% over that of the sameorderFIR filter
designedusing the Parks-McClellanoptimal designalgo-
rithm (seefor example[13]). Figure6 shavsthemagnitude
responsef anoptimizedMFT filter andthatof thestandard
FIR filter.

Figure 4 shavs a comparisorof the MSE for the pro-
posedMFT filter andthe standardFIR filter. The MSE of
the4t" orderMFT filter is lessthanthatof the8t* orderFIR
filter.

4. Conclusions

Continuedfractions model digital filters in the frequeny
domain (rational transferfunctions). Continuedfractions
also enableefficient rational arithmeticunits basedon the
MFT. Applying the basic‘gj:g unit to the time domainof
FIR filters leadsto MFT-basednon-linearfilters that are
closelyrelatedto their respectie FIR relative. TheseMFT-
basedfilter enableus to model non-linearsystemswhile
usingthelinearFIR filter asa startingpoint.

Surprisingly evenin our initial quite simplistic exper
iment the MFT-basedfilters reducesthe meansquareer-
ror(MSE) of a low-passfilter by 45 — 50%. In addition,
the MFT-basedfilter maintainsphaselinearity in the pass
bandwhile improving the MSE.

The generaltechniquepresentedn this papercan be
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Figure6: Thefigure showsthe amplituderesponsef an 8-top FIR filter andan 8-'tap’ MFT filter.

naturally extendedto ary linear filter. The next stepis to
find applicationdomainsthat can make optimal useof the
non-linearitieanodeledby the MFT-filter.
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